The vibrational self-consistent field (VSCF) and virtual configuration interaction (VCI) methods are directly combined with ab initio electronic structure calculations for evaluations of the potential energy at VSCF quadrature points. Referred to as direct VSCF and direct VCI, respectively, these methods have been applied to evaluations of anharmonic vibrational energy levels of H2O and H2CO at the second-order Mo/ller-Plesset MP2/aug-cc-pVTZ and MP2/cc-pVTZ computational levels, respectively. The purpose of the present study is to develop a direct methodology for vibrational state calculations by examining the accuracy of the results, as well as their computational costs. In addition, the accuracy and applicability of two approximate potential energy surfaces (PES), a quartic force field (QFF), and the PES determined by the modified-Shepard interpolation method (Int-PES), are investigated via comparisons of calculated energy levels of vibrational states with those derived by the direct methods. The results are analyzed in terms of three considerations: (i) truncations of higher-order intercoordinate couplings in the PES; (ii) mode-mode coupling effects; (iii) approximations in ab initioelectronic structure methods. In the direct VCI calculations, the average absolute deviations in fundamental frequencies relative to the experimental values are 9.3 cm−1(H2O) and 34.7 cm−1(H2CO). The corresponding values evaluated with approximate PESs relative to those derived by the direct method are 35.0 cm −1 (QFF) and 15.3 cm −1 (Int-PES) for H2O, and 6.3 cm −1 (QFF) and 10.3 cm −1 (Int-PES) for H2CO.
I. INTRODUCTION
Recent progresses in molecular theory and computer technology have made it possible to combine ab initio electronic structure theory with dynamics. 1 One representative approach is the direct dynamics method, [2] [3] [4] [5] in which a classical trajectory is generated on-the-fly by using the potential energy and energy gradient evaluated through ab initio electronic structure calculations. The great advantage of this approach is that there are no requirements of potential energy functions in advance for dynamics calculations. In conventional trajectory simulations, one needs to prepare analytic potential energy functions with fitting parameters. As the number of atoms in the system of interest increases, however, a systematic determination of the potential energy functions becomes increasingly difficult, as does the subsequent process of fitting the resulting points to an analytic representation. In spite of a larger computational cost, there is a growing number of applications of the direct dynamics method. [6] [7] [8] [9] [10] [11] A similar approach may be possible for evaluations of vibrational energy levels of a molecule. One can estimate fundamental frequencies easily through normal mode analyses based on the second derivatives of the adiabatic potential energy evaluated by ab initio methods, but this estimation does not take into account the anharmonicity of the potential energy surface ͑PES͒, the vibrational mode-mode coupling, and the Coriolis ͑rotation-vibration͒ coupling. Very recently, Chaban, Jung, and Gerber proposed 12 an algorithm to evaluate anharmonic vibrational energy levels by combining electronic structure codes with the vibrational self-consistent field ͑VSCF͒ method, [13] [14] [15] [16] and with a perturbation-theoretic extension of VSCF. 17, 18 They applied these methods to evaluations of the fundamental frequencies of H 2 O, Cl-H 2 O, and ͑H 2 O͒ 2 , with results that are in very good accord with experiments. 12 In the VSCF method, the vibrational wave function is represented by a product of single normal-coordinate ͑modal͒ functions that are determined using the mean-field approximation to the vibrational mode-mode coupling and including Coriolis coupling. The couplings of vibrational modes can be incorporated more explicitly by a perturbation technique, 17, 18 or by a configuration interaction ͑CI͒ method. 19, 20 Carter and Bowman have developed a program package, MULTIMODE, 21 which does VSCF and two types of CI ͑virtual CI 19 and VSCF-CI 20 ͒ calculations for the rovibrational energies and wave functions of polyatomic molecules, transition states, clusters, etc. [22] [23] [24] [25] [26] In the virtual CI ͑VCI͒ method, the multimode wave function is expanded in terms of the eigenstates ͑also known as the virtual states͒ of a given VSCF Hamiltonian; in the VSCF-CI method, the expansion is in a basis of VSCF states determined for the respective vibrational states. All these methods require the adiabatic potential energy values over wide regions of the configuration space around the equilibrium structure. Thus, the reliability of vibrational state calculations depends on the accuracy of the PES employed. From a different perspective, one can assess the quality of the approximate PES through comparisons of vibrational energy levels evaluated by VSCF and VCI methods.
Following the lead of Chaban et al., 12 we have implemented a code that provides ab initio adiabatic potential energy values directly at quadrature points required for integrations of the VSCF ͑or VCI͒ equation, into the MULTIMODE program. 21 This scheme is referred to as the direct VSCF ͑or direct VCI͒ method in the present article. The direct VSCF ͑VCI͒ method was applied to calculations of fundamental frequencies and energy levels of low-lying vibrational states of H 2 O and H 2 CO using second-order Mo "ller-Plesset ͑MP2͒ perturbation theory. 27 Two approximate ab initio PESs have been generated for H 2 O and H 2 CO at the MP2 level of theory, by employing ͑i͒ a quartic force field in terms of ab initio energy derivatives at the equilibrium structure, and ͑ii͒ the modified-Shepard interpolation method. 10, [28] [29] [30] [31] [32] Both methods are totally ab initio, that is, no empirical data has been employed in the determination of potential energy functions. The quality of these ab initio PESs will be discussed using comparisons of the vibrational energy levels evaluated by the VSCF ͑VCI͒ method with those evaluated by the corresponding direct methods.
II. DIRECT VSCFÕVCI METHOD
The rovibrational states of nonlinear N-atom molecules can be obtained, in principle, as eigenfunctions of the Watson Hamiltonian defined as 
␣␣ , ͑1͒
where Q denotes f (ϭ3NϪ6) normal coordinates, V denotes the adiabatic potential energy, J ␣ and ␣ are the components of the total and vibrational angular momentum operators, respectively, and ␣␤ denotes the inverse moment of inertia tensor. The third term indicates the rotational energy including the Coriolis coupling term. The last term is referred to as the Watson term, which is purely quantum mechanical in origin and has no classical analogue. We consider the vibrational states for nonrotating molecules (Jϭ0) hereafter.
In the VSCF theory, [13] [14] [15] [16] the vibrational wave function is represented by a product of modal wave functions ͕ n i (i) ͖ according to,
where ϭ(n 1 ,...,n f ) is a set of quantum numbers that specify the molecular vibrational state. According to the variational principle, the modal wave functions can be determined by the following VSCF equation:
where
Since the operator in Eq. ͑3͒ depends on the solution of the eigenvalue equation itself, it needs to be solved iteratively until self-consistency is achieved. The second term in the operator in Eq. ͑3͒ represents a mean-field potential due to the other modes, i.e., the vibrational mode-mode coupling term. In this sense it is similar to the well-known HartreeFock procedure in electronic structure theory. One of the most computationally demanding parts of the procedure for solving the VSCF equation is the integration of the adiabatic potential energy over the f Ϫ1 normal coordinates. The computation of these integrals can be efficiently done by employing a grid representation, which requires the potential energy value and the amplitude of the wave function at selected quadrature points. The potential energies at those points has generally been calculated by using analytic potential energy functions that include parameters determined by fitting to results of experiments or theoretical calculations. Very recently, Chaban and co-workers 12 have proposed a novel approach for evaluating the potential energy over grids, by employing the direct use of ab initio electronic structure methods. This method requires no analytic potential energy function in advance, and is applicable to any molecule. Although such an approach can require considerable computational effort, recent developments in electronic structure theory and in computational power have made this approach feasible. 34, 35 In the present article, we refer to this approach as the direct VSCF method.
In the grid representation, the global PES may be expressed by a table of energy values at M f grid points where M is the number of quadrature points used for the respective normal coordinates. The total number of grid points grows very rapidly as the number of atoms increases, leading to excessive computational costs for molecules containing more than three atoms, even when empirical potential energy functions are employed. To avoid such excessive computational tasks, Carter, Culik, and Bowman 21 ͑CCB͒ introduced an efficient way to expand the potential energy function based on the number of couplings of normal coordinates. The ap-proximate PES including up to n coordinate couplings is referred to as V (n) ͓n-mode representation: CCB(nMR͔͒; in this context, the exact PES can be denoted as V ( f ) . V (n) for nϭ1, 2, 3, and 4 are shown below:
where V i , V i j , V i jk , and V i jkl denote a one-, two-, three-, and four-dimensional PES in a subspace of the related normal coordinates, respectively. This representation may be superior to the conventional multinomial expansion over f normal coordinates in which higher-order terms are truncated. The CCB expansion reduces the number of required quadrature points from M f to the order of f C n (ϭ f !/( f Ϫn)!n!) ϫM n for the n-mode representation. In a recent study on vibrations of CO adsorbed on Cu͑100͒, Carter et al. 21 verified that the CCB͑3MR͒-PES can provide energy levels which quantitatively coincide with those obtained using the CCB͑4MR͒-PES. The VSCF method with such a truncated PES in the n-mode representation is hereafter referred to as VSCF/CCB(nMR͒.
The total vibrational energy determined by the VSCF method is an approximation to the eigenvalue of the Watson Hamiltonian. In the VSCF wave function, the vibrational mode-mode couplings are approximately included through the mean-field potential in Eq. ͑3͒. Therefore, once the VSCF equation has been solved, one should proceed to more reliable methods such as a perturbation extension of VSCF 17, 18 or CI methods 19, 20 to obtain quantitatively correct results. Bowman et al. have developed two types of CI methods to improve upon VSCF calculations, i.e., VCI ͑Ref. 19͒ and VSCF-CI: 20 In the VCI method, the multimode wave function is expanded in terms of the virtual states of a given VSCF Hamiltonian; in the VSCF-CI method, the multimode wave function is expanded in a basis of VSCF states. Since these extensions are just improvements of a trial vibrational wave function, results obtained using them still depend on the quality of the PES employed in the VSCF calculations. Following the convention introduced earlier, the VCI improvement of the direct VSCF calculations will be referred to as the direct VCI method. When the direct VCI method employs a truncated PES, V (n) , it will be referred to as direct VCI/CCB(nMR). For the most reliable results, one should use the direct VCI/CCB(nMR) method, in which a highlevel ab initio electronic structure method with a large basis set has been employed to determine the PES in the grid representation with a large value of n.
III. APPROXIMATION TO AB INITIO PES
As described above, the most reliable method for determining vibrational wave functions and their energy levels is most likely the direct VCI method. Due to computational limitations, however, it is difficult to apply this direct method to a general molecule with more than three atoms in a straightforward manner, so one needs to truncate the higherorder coupling terms, following the scheme proposed by CCB ͓see Eqs. ͑5͒-͑8͔͒. 21 In the n-mode representation, the number of grid points required to represent the PES can be reduced from M f to f C n ϫM n where M is the number of grid points used for the respective normal coordinates. Even with this reduction, the total number of grid points still increases very rapidly as the number of atoms increases, especially for nу3. Thus, it is useful to investigate the accuracy of conventional VSCF ͑VCI͒ calculations which employ analytic representations of the PES. This will provide a test of the quality of the representative potential energy functions used in VSCF ͑VCI͒ calculations by comparing the results with those obtained from direct VSCF ͑VCI͒ calculations. Such comparisons will provide an estimate of the applicability of analytic functions to vibrational state calculations. In this study, we examine two kinds of approximations to an ab initio PES, a quartic force field ͑QFF͒ and the PES generated by the modified-Shepard interpolation method ͑Int-PES͒. The former is generated in terms of the second, third, and fourth derivatives of the potential energy at the equilibrium structure, while the latter is generated by the potential energy and its first and second derivatives at selected reference points in configuration space. Note that neither of these methods includes a procedure to fit the potential energies to analytic representations.
A. Quartic Force Field: QFF
The potential energy surface for an N-atom molecule can be expressed as a Taylor expansion about the equilibrium structure as
where V 0 , i , i jk , and i jkl denote the potential energy and its second, third, and fourth derivatives, respectively, in terms of normal coordinates at the equilibrium structure.
Here, terms higher than fourth order have been neglected. An alternative method to determine the expansion coefficients in Eq. ͑9͒ is to employ a least-mean-square method to fit the potential energies at selected reference points around the equilibrium structure to the above functional form. Such a determination depends on the selection of the set of the selected reference points. In the present study, these expansion coefficients are determined by employing energy derivatives calculated by an ab initio electronic structure method at the equilibrium structure. The details of numerical differentiations of the energy are given in the Appendix.
B. Modified-Shepard interpolation: Int-PES
This scheme was originally proposed by Collins et al. [28] [29] [30] to explore the global PES for chemical reactions, and has been further developed by several groups. 10, 31, 32 The potential energy at some nuclear arrangement, X, is expressed as the weighted average of contributions from several reference points as 10,28-32
where X and R denote 3N Cartesian and 3NϪ6 internal coordinates, respectively, W i (R) is a weight function for the ith reference point, V i (X) is a Taylor-expansion potential energy function about the ith reference point, and N d is the number of reference points. For the Taylor expansions about the reference points, a second-order series is employed,
where X j (i) denotes the jth Cartesian coordinate for the ith reference point, and V 0 (i) , g j (i) , and f jk (i) are the potential energy, the jth component of the gradient vector, and the jkth component of the Hessian matrix, respectively, calculated by ab initio electronic structure calculations at X (i) . The normalized weight function is given as
where R (i) denotes f internal coordinates for the ith reference point. The parameter p must be greater than one half of the larger of f and the order of the Taylor series expansion to guarantee convergence of the potential V MS (X). 29 Equation ͑13͒ indicates that a larger weight is assigned to a reference point closer to R, while reference points far from R have negligible contributions: W i (R) approaches 1 as R→R (i) , and approaches 0 as ͉RϪR (i) ͉→ϱ. In the original scheme, 28, 29 the Taylor expansion of the potential energy was carried out in terms of internal coordinates. The disadvantage of expanding a PES in Cartesian coordinates is that a general expression for the potential energy will not be invariant to the overall translation and rotation of the molecule. Recently, Collins et al. devised a new interpolation method in terms of Cartesian coordinates, in which the correct invariance has been incorporated. 30 We also devised an alternative simple method by introducing a rule for how to fix the coordinate axes for X and X (i) , in order to ensure invariance to overall translation and rotation. 32 
IV. COMPUTATIONAL DETAILS
The direct VSCF/CCB(nMR) (nϭ1,2,3) and direct VCI/CCB(nMR) (nϭ2,3) methods were applied to calculations of fundamental frequencies and energy levels for lowlying vibrational states of the C 2v molecules H 2 O and H 2 CO. The electronic structure calculations were carried out using the MP2 method with the Dunning augmented correlationconsistent polarized valence triple zeta ͑aug-cc-pVTZ͒ 36 basis set for H 2 O, and the cc-pVTZ 37 basis for H 2 CO. The calculations were performed using the electronic structure program package, GAMESS. 38 To examine the effect of electronic structure methods on the results of VSCF and VCI calculations, we also applied the restricted Hartree-Fock ͑RHF͒ method with the 6-31G(d,p) basis, 39 and the MP2 method with the 6-31G(d,p) and cc-pVTZ, for H 2 O. We have also generated approximate PESs for MP2/aug-cc-pVTZ/H 2 O and MP2/cc-pVTZ/H 2 CO, by employing QFF and Int-PES. For the QFF force fields, the second, third, and fourth energy derivatives were determined by numerical differentiations of the analytical energy gradients calculated near the equilibrium structure ͑see Appendix͒. These PESs were applied to the conventional VSCF and VCI calculations to examine their applicability to vibrational state calculations by comparison with the results of the direct approaches.
The VSCF and VCI calculations were carried out using the program package, MULTIMODE, 21 developed by Carter and Bowman. In MULTIMODE, numerical quadratures are calculated using potential optimized quadratures, 23, 40, 41 which require 10ϳ20 quadrature points for each normal mode. Each modal wave function is expanded in a basis of harmonic functions (9ϳ12 functions in each͒, with frequency equal to the corresponding harmonic oscillator frequency. For H 2 O, we have used 13 quadrature points for Q 1 ͑OH symmetric stretch, A 1 ), and 10 points for Q 2 ͑HOH bend, A 1 ) and Q 3 ͑OH antisymmetric stretch, B 2 ). For H 2 CO, we have used 13 points for Q 1 ͑CH symmetric stretch, A 1 ) and Q 5 ͑CH antisymmetric stretch, B 2 ), and 11 points for Q 2 ͑CO stretch, A 1 ), Q 3 ͑HCH bend, A 1 ), Q 4 ͑out-of-plane bend, B 1 ), and Q 6 (CH 2 rock, B 2 ). The numbers of quadrature points were determined using preliminary test calculations. Table I gives the total number of quadrature points required for VSCF/CCB(nMR) calculations on H 2 O and H 2 CO when ten grid points are assigned to all normal coordinates. The number of symmetry unique points is given in parentheses. In the direct VSCF ͑VCI͒ methods, ab initio electronic structure calculations are required only for the symmetry unique points.
In the VCI calculations, the virtual VSCF wave functions determined in VSCF calculations on the ground state were employed as basis functions in which to expand the vibrational wave function. For this expansion, we have in-cluded the configurations which satisfy the condition, n i р6 and ⌺ i f n i р6, where n i denotes the vibrational quantum number for the ith normal mode. The numbers of configurations used were 84 (50A 1 ;34B 2 ) in H 2 O, and 924 (330A 1 ;172B 1 ;280B 2 ;142A 2 ) in H 2 CO.
V. RESULTS AND DISCUSSION
A. Application to H 2 O
Direct VSCF and VCI calculation
In this section, we first discuss the results of the direct VSCF/CCB(nMR) and VCI/CCB(nMR) calculations on H 2 O, and then, compare those results with the ones obtained from the conventional VCI/CCB(nMR) calculations using approximate PESs determined by ab initio electronic structure calculations. In the direct scheme, there are three types of approximations: ͑i͒ truncations of higher-order couplings of normal coordinates in the CCB(nMR͒-PES; ͑ii͒ the mode-mode coupling has not been taken into account explicitly in the VSCF method; ͑iii͒ the usual approximations in ab initio electronic structure calculations ͑approximate wave functions and finite basis sets͒. Since H 2 O has just three internal degrees of freedom, the CCB͑3MR͒ method gives an exact description of the PES; the importance of intercoordinate couplings can be examined by comparing the results derived from the CCB͑1MR͒-, CCB͑2MR͒-, and CCB͑3MR͒-PES ͑approximation 1͒. The influence of the mode-mode couplings can be assessed by comparing the VSCF results with the VCI results ͑approximation 2͒. The effects of using approximate electronic structure methods on the vibrational state calculations are also considered by comparing the results derived with the restricted Hartree-Fock ͑RHF͒ and MP2 methods using 6-31G(d, p), cc-pVTZ, and aug-cc-pVTZ basis sets ͑approximation 3͒. Table II gives zero-point vibrational energies ͑ZPE͒ and fundamental frequencies 1 , 2 , and 3 (cm
Ϫ1
) for H 2 O calculated by the direct VSCF/CCB(nMR) (nϭ1,2,3) and VCI/CCB(nMR) (nϭ2,3) methods, along with the harmonic frequencies and the experimental values. 42 The values in parentheses give the deviations from the experimental values; the averaged absolute deviations ͑AAD͒ are also given in the bottom line. The most reliable values in our calculations are those predicted by the direct VCI/CCB͑3MR͒ method, for which the deviations from experiment are 5 12 Their results were also obtained using a direct method-the perturbationally correlation-corrected VSCF theory in the two-mode representation of the PES ͑based on MP2/aug-cc-pVTZ electronic structure calculations͒. Although Coriolis coupling and Watson terms have not been included in their method, 12 the corresponding AAD values indicate that their method is essentially of the same quality as the direct VCI/CCB͑2MR͒ method.
Through comparisons of the results obtained with different V (n) , effects of the anharmonicity can be analyzed in terms of the order of couplings of normal coordinates. Starting from harmonic frequencies, the anharmonicity in CCB͑1MR͒ decreases the fundamental frequencies of the A 1 modes, 1 and 2 , but increases the frequency of the B 2 mode, 3 . The inclusion of couplings between pairs of nor- Figure 1 shows contour plots of a section of the PES, V (Q 1 ,Q 3 ) , at the levels of ͑a͒ a harmonic potential, ͑b͒ CCB͑1MR͒, and ͑c͒ CCB͑2MR͒, where Q 1 and Q 3 are the normal coordinates for OH symmetric and antisymmetric stretches, respectively, and the positive direction of Q 1 is taken so that OH bond lengths increase. The contour lines in Fig. 1͑a͒ trace a nearly perfect circle, indicating that the harmonic force constant along Q 1 is similar to that along Q 3 . By including the anharmonicity in the respective normal coordinates ͓CCB͑1MR͔͒, the contour lines are deformed toward the positive direction of Q 1 as shown in Fig. 1͑b͒ . The geometric features of V (1) in the Q 3 direction are almost the same as those of the harmonic potential. The inclusion of coordinate pair coupling terms ͓CCB͑2MR͔͒ such as V 13 (Q 1 ,Q 3 ) changes the PES drastically as shown in Fig. 1͑c͒ ; in this case, the contour lines trace roughly a triangle with two apexes in the regions (Q 1 ,Q 3 )ϭ(ϩ,ϩ) and ͑ϩ, Ϫ͒, corresponding to the directions of the respective OH bond stretching motions. This provides a local mode picture of the stretching vibrations. These contour plots illustrate a strong coupling between Q 1 and Q 3 . 8 It is valuable to reconsider the above discussions in terms of vibrational wave functions derived from direct VSCF/CCB(nMR) calculations using three different PESs, i.e., the harmonic potential ͑HA͒, ͑b͒ V (1) in CCB͑1MR͒, and ͑c͒ V (2) in CCB͑2MR͒. Figure 2 shows contour plots of those VSCF wave functions determined using direct VSCF/CCB(nMR) calculations for states ϭ(1,0,0) ( 1 (1) (Q 1 )ϫ 0 (3) (Q 3 )) and ϭ(0,0,1) ( 0 (1) (Q 1 )ϫ 1 (3) ϫ(Q 3 )), where in this notation, the superscript refers to the normal mode ͑1, 2, or 3͒, and i means the modal wave function for the ith vibrational state. Figures 2͑a͒, 2͑b͒ , 2͑c͒ correspond to the harmonic, V (1) and V (2) approximations, respectively. The center of the modal wave function, n 3 (3) , does not move from the origin ͑equilibrium point͒ because Q 3 belongs to a nontotally symmetric representation, while the modal wave function, n 1 (1) , can move because Q 1 belongs to a totally symmetric representation. In the state ϭ(1,0,0), VSCF/CCB͑1MR͒ shifts the vibrational wave function to the positive side of the origin along Q 1 , in order to match geometric changes in the PES ͓Fig. 2͑b͔͒. This results in a lowering of the energy of ͑1,0,0͒ ͑i.e., a decrease in 1 ); the wave function is again shifted slightly in the same direction at the VSCF/CCB͑2MR͒ level ͓Fig. 2͑c͔͒. In the ϭ(0,0,1) state, the VSCF/CCB͑1MR͒ shift of the vibrational wave function is smaller, because the vibrational wave function has a large extension in the Q 3 direction. This results in a slight increase in the energy level due to the strong anharmonicity in the Q 1 direction, compared to the harmonic one. The CCB͑2MR͒-PES, V (2) in Fig. 1͑c͒ , enables the vibrational wave function to move in the direction of Q 1 , resulting in an extensive lowering of the energy level ͓see the large shift to the positive side in Fig. 2͑c͔͒ . In this context, it can be concluded that the improvement at the VSCF/ CCB͑2MR͒ level is accomplished by incorporating the coupling of the OH symmetric and antisymmetric stretching nor- Q 3 ) , of H 2 O at levels of ͑a͒ a harmonic potential, ͑b͒ CCB͑1MR͒, and ͑c͒ CCB͑2MR͒, where Q 1 and Q 3 are normal coordinates corresponding to OH symmetric and antisymmetric stretches, respectively. mal coordinates. This may be a general rule to reduce the energy level of the vibrational states for strongly coupled modes at the CCB͑2MR͒ level.
As shown in Table II , VSCF/CCB͑3MR͒ gives a larger AAD ͑33.0 cm Ϫ1 ͒ than VSCF/CCB͑2MR͒ ͑28.7 cm Ϫ1 ͒ for water. Since CCB͑3MR͒ should be an exact description of the PES for H 2 O, this result can be attributed to the lack of mode-mode couplings in the VSCF method. Incorporation of these mode-mode couplings via configuration interaction of VSCF wave functions reduces the AAD values to 16.0 cm Ϫ1 ͓VCI/CCB͑2MR͔͒ and 9.3 cm Ϫ1 ͓VCI/CCB͑3MR͔͒. The VCI/CCB͑3MR͒ wave functions for states ϭ(1,0,0) (A 1 ) and (0,0,1)(B 2 ) can be approximately written as
In Eqs. ͑14͒ and ͑15͒, as well as in similar equations below, VSCF wave functions whose CI coefficients have absolute values below 0.1 have been neglected. In the states ϭ(0,0,0) and ͑0,1,0͒, the weight of the main configuration is almost 100%. In Eqs. ͑14͒ and ͑15͒, the mixing of VSCF wave functions is small, because there is no pair of vibrational states of the same symmetry with similar energies. It is noteworthy that even such weak mixing contributes to variations in the energy levels by ϳ60 cm Ϫ1 . Strong mixing does occur for a pair of A 1 overtone states, ϭ(2,0,0) and ͑0,0,2͒, which have similar energies; their VCI wave functions are approximately
The squares of the CI coefficients indicate the weights of the respective VSCF wave functions; the weights of the main VSCF wave function are 86% and 82% for ϭ(2,0,0) and ͑0,0,2͒, respectively. Their energy levels will be discussed in the next subsection. The foregoing discussions are all based on the MP2 method with the aug-cc-pVTZ basis set. More accurate many-electron wave functions and larger one-electron basis sets may lead to a more accurate description of the PES. Of course, such improvements require more CPU time, so selection of the electronic structure method to be used requires a balance between accuracy and cost. To assess the effects of the one-electron basis sets on the vibrational state calculations, we compare here the direct VCI/CCB͑3MR͒ results obtained using MP2/cc-pVTZ vs. MP2/aug-cc-pVTZ. In the former calculations, the fundamental frequencies, 1 MP2/6-31G(d,p), MP2/cc-pVTZ, and MP2/aug-cc-pVTZ calculations; the corresponding values obtained from harmonic frequencies ͑thin broken line͒ and experiment ͑thick broken line͒ are also included. As the level of ab initio theory improves, the sum of frequencies decreases, approaching the experimental value. The trends in the frequencies determined by the six different methods are very similar for the four electronic structure methods ͓RHF/6-31G(d, p), MP2/6-31G(d,p), MP2/cc-pVTZ, MP2/aug-cc-pVTZ͔. Figure 4 is similar to Fig. 3 , but here the sum of the frequencies is given relative to the value derived by the VCI/CCB͑3MR͒ method. The HA and VSCF/CCB͑1MR͒ sums change by 30ϳ50 cm Ϫ1 depending on the electronic structure method, but for the other methods ͓VSCF/CCB͑2MR͒, VSCF/ CCB͑3MR͒, VCI/CCB͑2MR͔͒, the magnitude of relative frequencies seems almost constant. Thus, especially for larger species, it may be possible to estimate the fundamental frequency to higher accuracy by combining the values derived by the VCI/CCB͑3MR͒ method based on the lower level of ab initio theory, with the VSCF/CCB͑2MR͒ results based on the higher level of ab initio theory. Such an approach is similar to those used successfully in several electronic structure schemes. Relative to VCI, the VSCF method overestimates frequencies by 90ϳ100 cm
, while the CCB͑2MR͒ method underestimates them by 10ϳ30 cm Ϫ1 relative to the CCB͑3MR͒.
VCI results with approximate ab initio potential energy surfaces
In this section, we discuss the accuracy of two kinds of approximate ab initio PESs, i.e., QFF ͓Eq. ͑9͔͒ and Int-PES ͓Eq. ͑10͔͒, by comparing the VCI/CCB͑3MR͒ results calculated for H 2 O with the corresponding ones obtained using the direct VCI/CCB͑3MR͒ method. All calculations employed the MP2/aug-cc-pVTZ method, so their differences can be directly attributed to different representations of the PES. The QFF has been generated in terms of seven Hessian matrices around the equilibrium structure, according to the procedure in the Appendix. Since H 2 O has three internal degrees of freedom, our QFF includes all coupling terms.
In the modified-Shepard interpolation for Int-PES, the parameter p was set to 4, and the three internuclear distances were employed as the set of internal coordinates in the weight function in Eq. ͑13͒. As shown in Eq. ͑11͒, the potential energy is evaluated in terms of Cartesian coordinates for a given molecular structure at the respective quadrature points. The Cartesian coordinates are determined in the coordinate system in which the origin is fixed to the center of mass, the z-axis is orthogonal to the molecular plane, and the y-axis bisects the HOH bond angle. One must also determine the positions of the reference points in configuration space. Therefore, we first examined the extent of the wave function for the vibrational ground state of H 2 O in the harmonic approximation, and established that it extends from Ϫ25 ϳ25 bohr emu 1/2 ͑emu: electron mass unit͒ with large amplitudes especially in the range Ϫ10ϳ10 bohr emu 1/2 . So, the following sets were selected as reference points: ͑a͒ the equilibrium structure ͑point 1͒; ͑b͒ (Q 1 ,Q 2 ,Q 3 )ϭ(Ϯ5,Ϯ5, Ϯ5) ͑point 2ϳ9); ͑c͒ Q i ϭϮ15, Q j i ϭ0 ͑point 10ϳ15); ͑d͒ (Q 1 ,Q 3 )ϭ(Ϫ5,Ϯ5), ͑15, Ϯ15͒, Q 2 ϭ0 ͑point 16 ϳ19). These coordinates are given in bohr emu 1/2 . The energy, energy gradients, and Hessian matrices were evaluated for the each reference point using the MP2/aug-cc-pVTZ method ͓see discussion following Eq. ͑13͔͒. The number of symmetry unique reference points is ͑a͒ 1, ͑b͒ 4, ͑c͒ 5, and ͑d͒ 2, so electronic structure calculations are required at a total of 12 points. Table III shows the MP2/aug-cc-pVTZ ZPE and fundamental frequencies for H 2 O calculated by the VCI/ CCB͑3MR͒ method with QFF and Int-PES, using k reference points ͑referred to as Int(k)-PES). The Int(k)-PES includes the points 1ϳk defined above as reference points for the interpolation. With this definition, Int͑1͒-PES indicates a harmonic potential energy surface that results in a fundamental frequency AAD of 114.7 cm Ϫ1 ͑Table II͒. The averaged absolute deviation of harmonic frequencies relative to those obtained using the direct VCI/CCB͑3MR͒ method is 121.3 cm are both overestimated by about 50 cm Ϫ1 . This suggests there may be some difficulty in representing the Q 1 -Q 3 coupling using low-order Taylor expansions. The Int-PES AAD decreases as the number of reference points increases, indicating that the inclusion of more reference points should lead to more accurate descriptions of the PES. In particular, the addition of four reference points on the (Q 1 ,Q 3 ) plane ͓set ͑d͔͒ has much improved 1 and 3 , indicating the strong coupling of OH symmetric and antisymmetric stretches discussed previously. This suggests that it is important to add reference points in regions in which the intercoordinate couplings are strong. Table IV gives energy levels for overtones (i 2 ) and combination bands (i 1 j 1 ) for the H 2 O MP2/aug-cc-pVTZ surface, calculated using the VCI/CCB͑3MR͒ method with QFF and Int͑19͒-PES, and by the direct VCI/CCB͑3MR͒ method. Values in parentheses provide deviations from the direct VCI/CCB͑3MR͒ values. The agreement between the direct method and experiment 43 for states 1 2 , 3 2 , and 1 1 3 1 are very good. Note that overtone and combination energies are more sensitive to the order of intercoordinate couplings and the mode-mode couplings than are the fundamental vibrational frequencies. As discussed previously, there is strong mixing between the VSCF wave functions for ϭ(2,0,0) and ͑0,0,2͒, so the mode-mode couplings affects the predicted energies for the overtone states, 1 2 and 3 2 . In the QFF VCI/CCB͑3MR͒ results, however, these energy levels are considerably overestimated relative to those obtained using the direct method, indicating an insufficient description of the PES in the Q 1 -Q 3 coupling region. For the states related to excitations of the Q 2 mode, the predicted energy level is in good agreement with the direct method. The deviations from the direct method indicate that the Int͑19͒-PES provides a more accurate description in the Q 1 -Q 3 coupling region.
B. Application to H 2 CO

Direct VSCF and VCI calculation
The VSCF and VCI methods applied above to H 2 O have also been applied to H 2 CO, using the MP2/cc-pVTZ electronic structure method. As in the previous section, we first discuss the results of the direct VSCF/CCB(nMR) and VCI/CCB(nMR) calculations on H 2 CO, and then compare these results with those derived by the VCI/CCB(nMR) calculations using approximate PESs, i.e., QFF and Int(k)-PES. H 2 CO has six normal coordinates: CH symmetric stretch ( 1 ), CO stretch ( 2 ), HCH bend ( 3 ), out-of-plane bend ( 4 ), CH antisymmetric stretch ( 5 ), and CH 2 rock ( 6 ). So CCB͑6MR͒ gives an accurate description of the PES. In the present study, however, the most accurate level of theory employed was the CCB͑3MR͒-PES due to computational limitations. Note that Carter et al. found that the CCB͑3MR͒-PES can provide vibrational energy levels that are similar to the CCB͑4MR͒-PES. 21 There have been several theoretical studies 44, 45 of the fundamentals, overtones, and combination bands of H 2 CO. Martin et al. 45 carried out VCI calculations using a quartic force field based on a highquality CCSD͑T͒ calculation with the cc-pVTZ basis set. Their largest deviation in fundamental frequencies is just 7 cm Ϫ1 for 1 . They have further adjusted the calculated harmonic frequencies in order to reproduce the experimental energy levels of low-lying vibrational states. 45 In the present study, we have not carried out such an adjustment since our purpose is not to reproduce the experimental fundamentals, but to develop a direct methodology, as well as to check the accuracy and applicability of QFF and Int-PES. Table V gives ZPE and the fundamental frequencies, 1 -6 , for H 2 CO calculated using the direct VSCF/CCB(nMR) (nϭ1,2,3) and VCI/CCB(nMR) (n ϭ2,3) methods, along with the harmonic frequencies and the experimental values. [46] [47] [48] The values in parentheses are the deviations from the experimental values, and the values in the last row are their respective averaged absolute deviations ͑AAD͒. The most reliable method in our calculations is the direct VCI/CCB͑3MR͒ method, in which all fundamental frequencies are overestimated relative to the corresponding experimental values; the VCI/CCB͑3MR͒ AAD is 34.7 . By comparing Table V with Table II ͓CCB͑3MR͔͒. Note that the CCB͑3MR͒-PES still gives a larger AAD value than the CCB͑2MR͒-PES. This result may be due to the electronic structure method ͑MP2/cc-pVTZ͒ employed to evaluate the potential energy. Recall that MP2/ aug-cc-pVTZ lowers the fundamental frequency by 30 ϳ50 cm Ϫ1 per mode compared to MP2/cc-pVTZ in H 2 O. Use of the aug-cc-pVTZ basis set for H 2 CO, should improve the accuracy of the VCI/CCB͑3MR͒ method, more than the VCI/CCB͑2MR͒ method. The previous CCSD͑T͒/cc-pVTZ ͑Ref. 45͒ study also suggests the MP2 method is inadequate for accurate predictions of these frequencies.
There is an interesting difference in the behavior of totally symmetric fundamental frequencies (A 1 ) vs. nontotally symmetric modes (B 1 and B 2 ), when the order of intercoordinate couplings included in the PES is increased. The fundamental frequencies of totally symmetric modes except 3 exhibit a successive decrease ( 3 is almost constant͒, while those of nontotally symmetric modes increase at CCB͑1MR͒-PES, then decrease at CCB͑2MR͒-PES. This behavior can be understood qualitatively by considering the shift of the vibrational wave function in the direction of totally symmetric coordinates as discussed for H 2 O ͑Fig. 2͒. It is essential that the intercoordinate couplings be included in the PES at least up to V (2) to improve the fundamental frequencies of nontotally symmetric normal modes. As discussed in the previous section, the OH symmetric and antisymmetric stretching modes couple strongly with each other in H 2 O. By analogy, strong coupling is expected for the CH symmetric ( 1 ) and antisymmetric ( 5 ) stretches. This can be verified in Table V , by noting the large deviations from the experimental 1 and 5 frequencies using both the harmonic and 1MR methods; these deviations decrease considerably at the CCB͑2MR͒ level of theory.
Next, consider the vibrational mode-mode couplings. The VCI/CCB͑2MR͒ wave functions for states ϭ(1,0,0,0,0,0) and ͑0,0,0,0,1,0͒ can be written approximately as
͑19͒
In the other fundamental states, the main VSCF wave function contributes almost 100% to the corresponding VCI wave functions. The VCI/CCB͑3MR͒ wave functions are approximately This mixing can be understood as the result of the experimentally observed Fermi resonance among the 5 1 , 3 1 6 1 , and 2 1 6 1 vibrational states. 49, 50 Such a Fermi resonance was also reported in the previous theoretical study. 44 The present calculations demonstrate that the CCB͑2MR͒ approximation cannot correctly describe this Fermi resonance. This can be traced to the fact that the Hamiltonian matrix elements connecting the pairs ⌿ , respectively͒, they can mix strongly via mode-mode couplings. It is clearly important to employ both the VCI method and a PES that includes higher-order intercoordinate couplings in order to obtain quantitative descriptions of the Fermi resonance states.
VCI results with approximate ab initio potential energy surfaces
The QFF and Int-PES surfaces have been generated for H 2 CO using the MP2/cc-pVTZ energy and energy derivatives, following the same procedures as described above for H 2 O. As described in the Appendix, we have neglected the four coordinate coupling terms, i jkl , and generated QFF in terms of 13 Hessian matrices around the equilibrium structure. Note that this neglect does not affect the VSCF/VCI results as long as one employs CCB͑1MR͒-, CCB͑2MR͒-, and CCB͑3MR͒-PES. To generate the Int-PES, Cartesian coordinates have been used in the weight function ͓Eq. ͑13͔͒. The coordinates for each molecular structure were determined using the following coordinate system: the origin is fixed at the C atom, the z-axis is taken to be the C-O direction, and the x-axis is defined to be the direction orthogonal to the H-H bond and the z-axis. The molecular structure can then be completely specified by the six coordinates, (z O ,x H1 ,y H1 ,z H1 ,y H2 ,z H2 ), which were employed as a set of internal coordinates in the weight function. The parameter p was set to 9. For evaluations of the potential energy in terms of Cartesian coordinates ͓Eq. ͑11͔͒, the origin was moved to the center-of-mass, using the same coordinate axes as defined above.
The selection of reference points for Int-PES utilized the positions of quadrature points, q i (n), which have been specified in the VSCF calculations in MULTIMODE. For example, 13 grids taken for Q 1 are 0, Ϯq 1 (1),..., Ϯq 1 (6) where (q 1 (1),q 1 (2),q 1 (3),q 1 (4),q 1 (5),q 1 (6) ͒. Based on preliminary calculations, the following sets were selected as reference points ͑449 points in total͒: ͑a͒ the equilibrium structure ͑1 points͒; ͑b͒ (2, 3, 4) , (2, 3, 6) , (2, 4, 6) , (3, 4, 6 ) (32ϭ8ϫ4 points͒. These coordinates are given in bohr emu 1/2 . The number of symmetry unique reference points is ͑a͒ 1, ͑b͒ 140, ͑c͒ 27, ͑d͒ 34, and ͑e͒ 10, so electronic structure calculations are required at 212 points. Table VI gives the VCI/CCB͑3MR͒ ZPE and fundamental frequencies for H 2 CO calculated using QFF and Int-PES. Numbers in parentheses are deviations from the direct VCI/ CCB͑3MR͒ results. Since QFF and Int-PES are both approximations to the ab initio PES that is employed in the direct approach, the deviations of the approximate fundamental frequencies from those obtained using the direct VCI/ CCB͑3MR͒ method should represent the quality of these approximate PESs. Both QFF and Int-PES are in good agreement with the direct method, with AADϭ6.3 cm Ϫ1 ͑QFF͒ and 10.3 cm Ϫ1 ͑Int-PES͒. Note that QFF has been generated by only 13 Hessian matrices, while the Int-PES has been generated in terms of energy, energy gradients, and Hessian matrices at 449 reference points. These results suggest that QFF performs better than Int-PES for H 2 CO. These deviations are somewhat smaller than the corresponding values ͑35.0 and 15.3 cm
Ϫ1
͒ for H 2 O, probably due to the difficulty in evaluating the potential energy in the strongly coupled Q 1 -Q 3 in H 2 O. Table VII gives the VCI/CCB͑3MR͒ energy levels of 6 overtones and 15 combination bands calculated using QFF and Int-PES, and direct VCI/CCB͑3MR͒, as well as the experimental values. 51 The AAD between the direct VCI/ CCB͑3MR͒ and the experimental values is 74.8 cm Ϫ1 . Martin et al. 45 indicated that the 1 1 5 1 band ͑5432.5 cm Ϫ1 ͒ was probably misassigned in the experimental work, and predicted its energy level as 5546.3 cm where VSCF wave functions with absolute values of CI coefficients smaller than 0.2 have been neglected. There are significant contributions from many VSCF states. This illustrates how difficult it is to quantitatively predict the energy levels of excited states for molecules with many modes.
VI. CONCLUSION
In this article, we have reported the results of VSCF and VCI calculations directly combined with ab initio electronic structure calculations ͑referred to as direct VSCF and direct VCI͒, as well as the conventional VSCF and VCI calcula-TABLE VI. VCI/CCB͑3MR͒ Zero-point energies ͑ZPE͒ and fundamental frequencies for H 2 CO calculated using QFF and Int-PES based on MP2/ccpVTZ calculations. Numbers in parentheses are deviations from the direct VCI/CCB͑3MR͒ values. Averaged absolute deviations ͑AAD͒ over the fundamental frequencies are also given.
tions with analytic representations of the PES, on H 2 O and H 2 CO, using the MULTIMODE program developed by Carter and Bowman. The main purpose of this study was to develop a direct methodology for vibrational state calculations by examining the accuracy of the results as well as their computational costs. An additional aim was to investigate the practical applicability of two approximate PESs ͑QFF and Int-PES͒ by comparisons of several properties ͑i.e., calculated ZPE, fundamental frequencies, and energy levels of overtones and combination bands͒ with those obtained using the direct methods.
In the analyses of direct approaches for vibrational state calculations, there are three issues to consider: ͑i͒ truncations of higher-order intercoordinate couplings in the PES; ͑ii͒ vibrational mode-mode couplings; ͑iii͒ approximations in ab initio electronic structure methods. These factors can all degrade the evaluated energy levels with errors of similar orders-of-magnitude. In order to determine their individual effects on the calculated energy levels, direct VSCF and VCI calculations were carried out employing the CCB(nMR)-PES (nϭ1,2,3), using RHF/6-31G(d,p), MP2/6-31G(d,p), MP2/cc-pVTZ, and MP2/aug-cc-pVTZ electronic structure calculations for comparison. The harmonic approximation and the VSCF/CCB͑1MR͒ give similar average absolute deviations ͑AAD͒ for fundamental frequencies, i.e., an overestimation by about 100 cm Ϫ1 per mode relative to the experimental values. A dramatic improvement is achieved by incorporating couplings of two coordinates in the PES, especially in the vibrational states related to OH ͑CH͒ symmetric and antisymmetric stretches for H 2 O (H 2 CO). The VSCF method employing an exact PES ͑in-cluding all coordinate couplings͒ still overestimates the energy, while the CCB͑2MR͒-PES underestimates the energy, even though mode-mode couplings have been incorporated through the VCI method. In the direct VCI/CCB͑3MR͒ calculation on H 2 O, the inclusion of diffuse functions in the one-electron basis sets lowers the fundamental frequency by about 30ϳ50 cm Ϫ1 per mode, resulting in good agreement with the experiments. For H 2 CO, the CCB͑2MR͒-PES cannot accurately represent the observed Fermi resonance, while the VCI/CCB͑3MR͒ can do so because it includes the appropriate coupling terms in the PES.
The direct VCI/CCB͑3MR͒ method has AAD values for the fundamental frequencies of 9.3 and 34.7 cm Ϫ1 for H 2 O and H 2 CO, respectively, relative to the experiment. The direct approach is, of course, very accurate, but it requires very high computational costs when high quality ab initio theory is employed in the electronic structure calculations. The alternative of using an approximate PES appears to be a viable one. In the VCI/CCB͑3MR͒ calculations using QFF and Int-PES, the AAD values for the fundamental frequencies relative to those obtained using the direct VCI/CCB͑3MR͒ approach are 35.0 cm Ϫ1 ͑QFF͒ and 15.3 cm Ϫ1 ͑Int-PES͒ for H 2 O, and 6.3 cm Ϫ1 ͑QFF͒ and 10.3 cm Ϫ1 ͑Int-PES͒ for H 2 CO. So, for these molecules the QFF can reproduce the energy levels of vibrational states with good accuracy in spite of its simple representation. This is unlikely to be the case for more complex molecules that have large amplitude vibrations. In addition, the QFF gives a poor description for states related to strongly coupled modes, such as OH symmetric and antisymmetric stretches in H 2 O. The Int-PES is also quite accurate for both H 2 O and H 2 CO.
